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1. Introductory Topics
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1.1. NUMBERS
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1.2. ALGEBRA

2. Binomial theorem: (a - b)2 = a2 - 2ab + b2

1.2.1  Laws

Commutative law: a + b = b + a a · b = b · a

Distributive law: (a + b) · c = a · c + b · c

1.2.2  Binomial Theorems

3. Binomial theorem: (a + b) (a - b) = a2 - b2

Associative law: (a + b) + c = a + (b + c) (a · b) · c = a · ( b · c)

1. Binomial theorem: (a + b)2 = a2 + 2ab + b2
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1.2. ALGEBRA

1.2.3 POWERS
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1.2. ALGEBRA

1.2.3  POWERS
CALCULATION RULES FOR EXPONENTS N, M
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1.2. ALGEBRA

1.2.3  POWERS

Examples:
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1.2. ALGEBRA

1.2.4  Roots

Rules for positive a, b and m, n
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1.2. ALGEBRA

1.2.4  Roots
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1.2. ALGEBRA

1.2.5  Logarithms

b  basis the to aof  logarithm equals n

alogn

82ab

28ba

b

3n

3n

              

n  exponent  forlookingif ,              Logarithm

 e.g  b  forlookingif , functionroot Square

 e.g  a  forlookingif ,      functionPotential







Question: “To which power ‘n’ do you have to raise ‘b’, in order to get ‘a’ as the result”
Remark: This power ‘n’ by which ‘b’ has to be raised in order to get ‘a’ is called the 
logarithm of ‘a’ when ‘b’ is the basis.
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1.2. ALGEBRA

1.2.5  Logarithms

Examples:
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1.2. ALGEBRA

25.0log125.0425.04
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1.2.5  Logarithms

More Examples:

Small Exercise: Identify a, b and n in above examples. Take help from the 
previous slides.
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1.2. ALGEBRA
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1.2. ALGEBRA

1.2.5  Logarithms

Now Consider:
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This is known as the first rule/law of logarithm. Similarly, we 
also have other rules as presented in the next slide.
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1.2. ALGEBRA

1.2.5  Logarithms

Rules for logarithms:
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1.2. ALGEBRA

1.2.5  Logarithms

Further Proofs:
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1.2. ALGEBRA

1.2.5  Logarithms

Proof:
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1.2. ALGEBRA

1.2.5  Logarithms

Note that, we can develop associations
between power rules and laws of logarithm:
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1.2. ALGEBRA

1.2.5  Logarithms

Examples:

 
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Small Exercise: Compute the values of above expressions.
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1.2. ALGEBRA

1.2.5  Logarithms

Examples:
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1.2. ALGEBRA

1.2.5  Logarithms

Example:

3log
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Observation: In the left example above, no base is specified for the log. In 
such cases, we can assume any number to be the base. However, typical 
convention is to assume b=10.

Example:
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1.2. ALGEBRA

1.2.5  Logarithms

Example:

2xor1x

5log5logor5log5log

255or
5

1
5

25yor
5

1
y

0)25y)(1y5(

025y126y5

5y5yLet

255.1265.5

255.12625.5

2
5

x
5

1
5

x
5

xx

2

x22x

xx2

xx



















26

1.2. ALGEBRA

1.2.5  Logarithms
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1.2. ALGEBRA

Special logarithms: ex

Natural logarithm:
loge a  =  ln a  =  n     a = en (e = 2,718…) ln x

Common logarithm:
log10 a  =  lg a  =  n    a = 10n

1.2.5  Logarithms
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1.2. ALGEBRA

n! (factorial) n! = 1 · 2 · 3 · … · n 
Example: 4! = 1 · 2 · 3 · 4 = 24

1! = 1
Definition:  0! = 1 

Absolute value:

Therefore, the absolute value (or modulus) |a| of a real number a is only the numerical value of a
without regard to its sign.

1.2.6   Factorial, Absolute Value, Sums
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1.2. ALGEBRA

1.2.6   Factorial, Absolute Value, Sums

Sigma sign:                Examples:
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1.3. SEQUENCES, SERIES AND LIMITS

General Notation of a Sequence (Folge):
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1.3. SEQUENCES, SERIES AND LIMITS

number)s(Euler'

) sequence (zero

Sequences  Convergent  :Example
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A sequence is called convergent, if it has a limit g; 
i.e., if there is a limit g with:
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1.3. SEQUENCES, SERIES AND LIMITS

.........1,1,1,1,1,1a

:SequencegOscillatin
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
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Sequences Divergent  :Examples

exists. limit noif  divergent called is sequence A
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1.3. SEQUENCES, SERIES AND LIMITS

Arithmetic Sequences

Definition: A sequence is called arithmetic if the following is valid:

ak+1 – ak = d, with d = constant  
(for all elemements of the sequence k = 1, 2, 3 …)

Composition law for arithmetic sequences: 

ak= a1 + (k -1) · d

Example:
Consider the sequence 5, 10, 15, 20....

a1 = 5, a2 = 10,  d = a2 - a1 = 10 - 5 = 5
a5 = 5 + (5-1) . 5 = 5 + 20 = 25  
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1.3. SEQUENCES, SERIES AND LIMITS

Geometric Sequences

Definition: A sequence is called geometric, if the following is valid:

with q = constant  

(for all elements of the sequence k = 1, 2, 3 …)

Composition law for geometric sequences:
ak= ak-1 .q = ak-2 .q

2 = ak-3 .q
3 =…. ……. = a1 .q

(k-1)

Example: Consider the sequence 2, 4, 8, 16....

a1 = 2, a2 = 4,  q = 4/2 = 2

a5 = a4 .q = 16.2 = 32  or  a1 .q
4 = 2.2 4 = 2.16 = 32

q
a

a

1k

k 

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1.3. SEQUENCES, SERIES AND LIMITS

Series (Reihen)

During the composition of an (infinite) series all elements of a sequence 
are summed up:

The sum up to the n-th element is called n-th partial sum:





n

k
kn aS

1







1k

kaR
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1.3. SEQUENCES, SERIES AND LIMITS

 

      
   

2
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na)d)1n(a2(
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n
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2

)na1a(n

nS)na1a(nnS2
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d1na...d2adaanS

1nn
2

1
n....321S

: General

:1a,1d  with  series Arithmetic

n















Partial sums of the arithmetic series (a := a1):

Small Exercise: Substitute a=1, d=1 in the General formula of Sn and 
simplify. What do you obtain?
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1.3. SEQUENCES, SERIES AND LIMITS
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















 

Partial sums of the geometric series (a := a1):
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1.3. SEQUENCES, SERIES AND LIMITS

Example: Arithmetic Series

Suppose that BMW offers you to purchase a new model car in monthly 
instalments. The first instalment amounts to € 500 and then every month the 
amount of instalment is increased by € 25. The total payback period is 2 years. 
What is the total price of the car? The amount of the last instalment?

The resulting arithmatic sequence 500, 525, 550, 575....

We note that, a1 = 500, a2 = 525,  d = 525 - 500 = 25, n = 12.2 = 24 (for two years)

Use general Sn formula to compute price of the car and composition formula to 
compute the value of last instalment (the last instalment is last term in series).

Total price of the car: S24 = 24(500) + (24-1)(24)(25)/2 = 12000 + 6900 = 18900 
Amount of last instalment: T24 = 500 + (24-1)(25) = 1075 
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1.3. SEQUENCES, SERIES AND LIMITS

Exercise:

Refer to the data in last example, what is the amount of money you paid in 
one year (Year 1 and Year 2)? 
Suppose that the payback time has been increased to 2.5 years (hint: n=30). 
What is the amount by which each instalment should be decreased?
(hint: you have to calculate d now, given a = 500, Sn = 18900) 
What is the amount of instalment that you made at the end of the payback 
period? (hint: you are required to calculate the last term in the sequence).

Exercise:

A company incurs a cost of € 5.50 for producing a unit of some product. Due 
to increased tax, for each successive unit, the associated cost is increased by € 
1.0. How many units can be produced in total of € 1000?
(hint: use the Sn formula, you need to calculate n, a = 5.5, d = 1)
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1.3. SEQUENCES, SERIES AND LIMITS

Example: Geometric Series

The current price of some model of an Apple MacBook is € 2000. It is 
expected to lose its value by 25% every year. What would be its value in 
10th year?

Note that the value is lost by 25% i.e. the value of computer at the end of each year 
is 75% of previous year (q = 75% = 0.75).

The resulting geometric sequence 2000, 1500, 1125.....

a1 = 2000, a2 = 1500,  q = 1500/2000 = 0.75

The tenth term in the sequence is the value of computer in the 10th year
a10 =   a1 .q

9= 2000(0.75) 9 = 150.17

Small Exercise: What is the value of computer at the end of 15 years?
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1.3. SEQUENCES, SERIES AND LIMITS

Example: Geometric Series

Suppose that you invest in a real estate and purchase a land near Hamburg. A 
renewable energy business firm takes it on rent. According to terms, the lease can 
be done for every six months, the amount of rent is subject to 10% increase in 
each subsequent lease. The first amount of rent is € 6000. Calculate the total 
amount of rental payments that would be received for the period of 5 years.

The resulting geometric sequence 6000, 6600, 7260.....

a1 = 6000, a2 = 6600,  q = 6600/6000 = 1.1, n=10

Small Exercise: What is the value of rental payments received at the end of 3 
years?

95624.54
11.1

1)6000(1.1
S

10

10 




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1.3. SEQUENCES, SERIES AND LIMITS

Exercise:

Suppose that a production plant produces 100 chocolate bars in the first day. The 
production capacity can be increased by 5% every day. Calculate the total output of
the production plant for two weeks. 
(hint: you have to use Sn formula where a=100, q=1.05 and n=14)

Now also calculate the number of chocolate bars produced on the 10th day.

A super market places an order of 800 bars at the start of the first day of 
production. How many days will it take to fulfill the order?
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1.4. POLYNOMIALS

 function.polynomial degree th-n a called is

 formthe with  functionA:Definition





n

0i

i
i

n
n

3
3

2
210 xaxa......xaxaxaay

The real numbers ai are called coefficients.
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1.4. POLYNOMIALS

 

slope:a

intercepty:awithxaay

lyrespective yxx
xx

yy
yand)tanα(

xx

yy

xx

yy

)
x

y
  eslop  the  from(

1

010

11

12

12

12

12

1

1















form  General

form -point-Two

:lines) (straight  describe spolynomial  degree1st 




Which different mathematical ways can be used to describe geometric 
objects?

1.4.1.  1st and 2nd degree Polynomials
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1.4. POLYNOMIALS

1.4.1.  0th, 1st and 2nd degree Polynomials

Examples: The equation of a straight line (n=0,  n=1)

xall foray:0n 0

x

y

0a

0

1P
1y

0a

1x x 2x

y
2y

y

x

P
2P

0

xaay:1n 10 
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1.4. POLYNOMIALS

1.4.1.  0th, 1st and 2nd degree Polynomials

Example: Formulation of linear Polynomial in Business Application 

A firm has € 24000 budget to produce two different products, namely product x and 
product y. Each unit of product x costs € 30 and each unit of product y costs €
40. Express this information in first degree polynomial equation.

Let “a” be the number of units of product x to be produced. 
Let “b” be the number of units of product y to be produced.
Therefore, the cost incurred to produce “a” units of product x is 30a and vice versa.

30 a + 40 b = 24000

Small exercise: Suppose that the firm can afford 1550 hours of labor. Each unit of product 
x requires 5 hours of labor and each unit of product y requires 2 hours of labor. Express 
the information in linear equation. Try to sketch the line.
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1.4. POLYNOMIALS

Which different mathematical ways can be used to describe geometric obects?
2nd degree polynomials describle parabolas

Two ways of describing a parabola:

 

2
SSSS

2

Ss

2
210

ss

xaxax2yxayformvertextheExpanding

lyrespective andxaxaay

:s)coordinate-vertex  , yx (with parabola theof  form vertex and form Standard 



 S
2

Ss yxxay

0a 1a 2a
results in the standard form.

The equation of a parabola (n=2)    

Vertex form of 
the parabola

Sx

Sy

y

x
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1.4. POLYNOMIALS

  lyrespective yxxay

y)xx2x(xay

xaxa2xyxay

:form  vertex  to  form  standard  From

S

2

Ss

S
2

S

2

Ss

2
SSSS

2

Ss







The equation of a parabola (n=2)    
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Example:

The equation of a parabola (n=2)    

 

13a,6a,1a

 :parameters form standard

13 6xx  y

496x x  y

 get we expand,

4y,1a,3x 

:parameters form vertex with

43xy consider

:form standard to form vertex From

012

2

2

sss

2











1y,1a,3x 

:parameters form vertex with

13)x(y

13(x))3(2xy

19(x))3(2xy

10a,6a,1a

 :parameters form standard

106xxy

:form  vertex  to  form  standard  From

sss

2

22

2

012

2













Example:
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1.4. POLYNOMIALS

The equation of a parabola (n=2) General form:

Examples:

x
2xy 

-22-110

44110
20.5x

x -22-110

-2-2- 0,5- 0,50

2xy 

opening
upwards         downwards

vertex at 0

y

1

x

y 1

01

0

0

2

1

0
2a)






a

a

axy

05,0

0

05,0)

2

1

0
2





a

a

axyb

2
210 xaxaay 

  
0a0a

0a

0a

22

1

0








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1.4. POLYNOMIALS

Zeros of a quadratic function, i.e. intersection with the x-axis
Or the points where the value of the quadratic function is exactly equal to zero.

Quadratic equations (n=2)    

q
2

p

2

p
x0qpxx

a2

ac4bb
x0cbxax

2

2,1
2

2

2,1
2











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1.4. POLYNOMIALS

2nd degree polynomials (n=2):

It has to be differentiated between 3 cases of discriminants:

b2 - 4·a·c > 0   => 2 real zeros

x1x

y

2x
2x1xx

y

Observation: Curves cross the x-axis at 
exactly two points
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1.4. POLYNOMIALS

2nd degree polynomials (n=2):

b2 - 4·a·c = 0   => one zero

x

y

x

y

Observation: Curves touch the x-axis at 
exactly one point.

1x 1x
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1.4. POLYNOMIALS

2nd degree polynomials (n=2):

b2 - 4·a·c < 0   => no zero

x

y

x

y

Observation: Curves do not cross x-axis
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1.4. POLYNOMIALS

1.4.2  Polynomials of a higher degree

3rd degree polynomial

4th degree polynomial (Special biquadratic equation)

  01
2

2
3

3 axaxaxaxf 

  zero) are x and xof  nts(coefficiecxbxaxf 324 
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1.4. POLYNOMIALS







n

i

i
i

n
n

xa

xaxaxaay

0

2
210 ......

This is a polynomial function.

A rational function is defined through the ratio of two polynomials Z(x)

and N(x): 

where Z(x) is an n-th degree polynomial and N(x) is an m-th degree polynomial, for all x 
 IR and N(x) ≠ 0

)(

)(

xN

xZ

1.4.2  Polynomials of a higher degree

N-th Degree Polynomials
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1.4. POLYNOMIALS

1.4.2 Polynomials of a higher degree

Comparing coefficients

Polynomials are identical if they have the same degree and the respective 

coefficients are identical.

33

22

11

00

ba

ba

ba

mnandbaxbxa ii

m

i

i
i

n

i

i
i







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1.4. POLYNOMIALS

1.4.2 Polynomials of a higher degree

Comparing coefficients

Example:

0c,5b4aTherefore

0c,5b

7cba3,3ba2,4a

getwetscoefficienthecomparing

cba3bxax2ax7x3x4

cbbxa3ax2ax7x3x4

cbbx)3xx3x(a7x3x4

c)1x(b)3x)(1x(a7x3x4

22

22

22

2













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1.4. POLYNOMIALS

1.4.3 Determination of the zeros of a polynomial

Decompositition into linear factors

Theorem: If x0 is the (e.g. guessed) zero of a n-th degree polynomial P(x) , the linear 

factor (x – x0 ) can be seperated from the polynomial: 

P(x) = u(x)(x – x0). In this case u(x) is a polynomial with the degree (n – 1).

The coefficients of the remaining polynomial u(x) can be determined through either 

Horner‘s method (not covered here) or polynomial long division.
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1.4. POLYNOMIALS

Polynomial long division

If, in a rational function, the degree of the numerator is higher or equal to the 

degree of the denominator, a polynomial long division can be conducted.

Through polynomial long division the zeros of a polynomial can be determined, if 

one zero is already known. In this case the original polynomial is divided by the 

respective linear factor.

Example: x3 – 3x2 + 4 has a zero at x = 2.

Further zeros can then be determined through polynomial long division.

In addititon to this slant asymptotes can be determined, if the degree of the 

numerator is exactly one higher than the degree of the denominator (also see 

chapter 2, differential and integral calculus).
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Polynomial long division

Example: 

(x3 – 3x2 + 4) :  (x – 2) = (x2 – x – 2)(x – 2)

2xx

0

4x2

4x2

x2x

4x

x2x

4x3x2x

2

2

2

23

23


















Therefore, x-2 is the factor of (x3 – 3x2 + 4)
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Polynomial long division

2x2xx

0

2x2

2x2

x2x2

2x2

xx

2xx

xx

2xx1x

23

2

2

23

23

34

24















 Small Exercise: 
(x2 - 9x – 10) / (x+1)

We know 
(x2 - 9x – 10) = (x+1))(x-10) 
Verify it with long division.

Example: 

(x4 + x2 – 2) :  (x + 1) = (x3 – x2 + 2x – 2) (x + 1)
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1.4. POLYNOMIALS

Properties of polynomials

An n-th degree polynomial has a maximum of n real zeros.

The addition, subtraction, multiplication and linking of polynomial functions 
(polynomials) always results in polynomials again. 

The division, on the other hand, results in rational functions.
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2. LINEAR ALGEBRA



65

2.1. SYSTEM OF LINEAR EQUATIONS

Recall that we can  represent a straight line algebraically by an equation of the form

where 

 a1 , a2 and  b are real constants 

 a1 and a2 are not both zero. 

 x and y are the variables of the equation

(often representing two different products x and y of a firm).

 Equation of this form is called Linear Equation i.e. the one in which variables have the 

power exactly equal to 1 and no variables are multiplied to other variables e.g. if the 

term like “xy” appears in equation, then it will not be a linear equation. 

Linear Equations: 

by a x a
21


66

Before, we formulated a linear equation for a firm taking decision on producing number 

of units of two different products. Often real life situations are complex, nowadays an 

ordinary supermarket has thousands of products. To describe such situations we can 

extend our idea of linear equations. For example, consider a situation if the firm has to 

decide on production of units of ‘n’ different products, then we can write the linear 

equation as   

where (as a convention) 

x1 , x2 , x3 ,……, xn are all the variables of the equation and a1, a2, a3, …, an are coefficients. 

These variables are also called as unknowns.

Linear Equations: 

bxa......xaxaxa nn332211 

2.1. SYSTEM OF LINEAR EQUATIONS
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A finite set of linear equations is called a system of linear equations or a linear system. 

For example, 

System of two equations:

System of three equations:

System of Linear Equations: 

4  y5x

3  y 2x




9  z y x-

3  zy2x

5  z- y x






2.1. SYSTEM OF LINEAR EQUATIONS
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System of linear equations (generalizing the notion):

An arbitrary system of “m” equations with “n” variables can be given by:

In order to learn the Algorithm (step by step procedure) used to solve linear systems, we 

will go through some preliminary concepts on Matrices. 

System of Linear Equations: 

mnmn3m32m21m1

2n2n323222121

1n1n313212111

bxa......xaxaxa

bxa......xaxaxa

bxa......xaxaxa






2.1. SYSTEM OF LINEAR EQUATIONS
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Definition (cp. Opitz, p. 252): A system of inequalities of the form 

a11x1 + a12x2 + a13x3 + ... + a1nxn ≤  b1

a21x1 + a22x2 + a23x3 + ... + a2nxn ≤  b2

...

am1x1 + am2x2 + am3x3 + ... + amnxn ≤  bm

Is called linear system of inequalities with n unknowns (variables) x1, ..., xn and m 

equations. 

The values aij and bi (i = 1, ..., m, j = 1, ..., n) are given and they are called the 

coefficients of the system of inequalities. 

Sought after are the values for the variables x1, ..., xn , so that all inequalities are 

fulfilled simultaneously. 

2.2. SYSTEM OF LINEAR INEQUALITIES
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Every system of inequalities with relationships of inequality (≤ , ≥) and equality can 

be rearranged to the above form. 

Possible rearrangements are:

 Multiplication by -1

 Decompose one equation into two inequalities

Definition:

The set of all assignments of values (vectors x  IRn), which fulfill a certain 

system of inequalities, is called solution set or admissible range of the system of 

inequalities.

2.2. SYSTEM OF LINEAR INEQUALITIES
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Example:

A manufacturer produces two types of mountain bikes, type „Sport“ (S) and type 

„Extra“ (E). 

During the production every bike goes through two different workshops. In shop 1: 

120 working hours are available each month; in shop 2: 180 hours are available. 

To produce a type S bike six hours are needed in shop A and three hours are 

needed in shop B. For a type E bike four and ten hours are needed respectively.  

a) What is the respective system of inequalities?

b) Show the admissible range graphically!

2.2. SYSTEM OF LINEAR INEQUALITIES
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Decision variables: A decision has to be made about the amount which should be 

produced of both types of bikes.

S = Monthly amount produced of type S bikes.

E = Monthly amount produced of type E bikes.

Condition for producer 1:  required time <= available time

6S + 4E   <= 120

Condition for producer 2: required time <= available time

3S + 10E <= 180

Non-negativity:

S >= 0, E >= 0

2.2. SYSTEM OF LINEAR INEQUALITIES
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20 40 60 S

20

E

feasible region
producer 1

producer 2

2.2. SYSTEM OF LINEAR INEQUALITIES
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Three cases have to be distinguished:

 Normal case:

The space of admissible solutions Z is bounded and not empty. 

Then it is a convex polyhedron (as in the above example).

 There is no solution for the system of inequalities. The space of admissible 

solutions Z is empty.

 The space of admissible solutions is unbounded.

2.2. SYSTEM OF LINEAR INEQUALITIES
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Convexity of the admissible range: 

not convex convex

Convexity means that every connecting line between two point of the admissible 
range completely lies inside the range. 

2.2. SYSTEM OF LINEAR INEQUALITIES

76

3. Differential Calculus
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The (constant) slope of a straight line is equal to the derivative of the 

corresponding function

f(x) = y = ax + b.

The situation for non-linear functions (curves) is more complicated, since the 

slope is not equal at every point, but changes depending on x.

Slope of a curve: Slope at a point P

Therefore, to determine the slope at a certain point x, you have to look at the  

tangent of the curve in this point.

Tangent: A straight line, which touches a curve at a certain point, but which 

does not intersect the curve.

3.1. BASICS
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EXAMPLE : TANGENT TO A CURVE

x

y

Tangent at point x*

The slope of a tangent at a point 
gives the change in y with 
respect to a (marginal) change in 
x

3.1. BASICS
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Examples: Different tangents to a curve

x

y y = x3

1 2

1

8

slope at x* = 1: 
dy/dx = 3

slope at x* = 2:
dy/dx = 12

3.1. BASICS

80

a) Power Function nxy  1 nnxy

Examples:
9xy 
2xy 

)( 1xxy 

)(1 0xy 

)(
1 1 x
x

y

)( 2

1
2 xxxy 

819 99 xxy  

xxy 22 1 

11 011   xxy

00 1  xy

2
2 1

1
x

xy


 

2

1
2

1
1

2

1

2

1

2

1

2

1

x

xxy 


7

5
7 5 xxy 

7 2

7

2

7

5

7

5

x
xy 


x
y

2

1


3.1. BASICS
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b) Exponential Function xey  xey 

axxax eeay lnln )(  aaaey xax lnlnln  

c) Logarithmic Function

0

ln




x

xy
x

y
1



xy alog
ax

y
ln

11


d) Trigonometric Function

xy

xy

cos

sin




xy

xy

sin

cos




x
xayxayxay 1
)'(lnln'lnln 

3.1. BASICS
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a) Factor Rule: )(xfcy  )(xfcy  constc 
Examples:

cy

xy

xy






)5(5

4
0

3

0

005

1234 22





y

y

xxy

b) Sum Rule: )()( xgxfy  )()( xgxfy 

Examples:

xbeaxy

xxxy
x ln

275
3

234





x
beaxy

xxxy

x 1
3'

14154'

2

23





3.2. DERIVATIVE RULES
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c) Product Rule:

hgfy

gfy

xgxfy




 )()(

''''

'''

hgfhgfhgfy

gfgfy




Example:

24)(ln xxy  )ln21(4)2)(ln
1

(4 2 xxxxx
x

y 

)5
2

()5
2

1
( 4455 xxx

x

x
xexexxexxe

x
y xxxx 5xexy x 

3.2. DERIVATIVE RULES
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d) Quotient Rule:
)(

)(

xg

xf
y  2

''
'

g

gfgf
y




Example:

2

3

4 x

x
y




22

22

22

42

22

322

)4(

)12(

)4(

12

)4(

)2()4(3

x

xx

x

xx

x

xxxx
y














3.2. DERIVATIVE RULES
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e) Chain Rule:


))((

z

xgfy  )('))((')()'(' xgxgfxgfy  

dx

dz

dz

df
y 

Example: 1)
53)( xay 

432

243

)(15

)30()(5

xaxy

xxay





2)
12 xey

1

2

2

1

2

2

1
'

2
12

1

)()'(

















x

x

e
x

x
y

x
x

ey

xhgfy 

3.2. DERIVATIVE RULES
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Example:

 

  0...

72

72

436

7412

5723

)7()6(5

4

2

3

24












yyy

y

xy

xy

xxy

xxxy

Derivatives of a higher order are necessary for the solution of optimization problems 
(curve sketching)

3.3. APPLICATIONS & EXERCISES –
CURVE SKETCHING
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a) Domain (x-value) and (if necessary) codomain (y-values)

b) Symmetry characteristics

Symmetry about the y-axis  f(x)=f(-x)                  e.g.   y=x2

Point symmetry about the origin –f(x)=f(-x)        e.g.   y=x3

c) Intersection with the axes

Intersection with the y-axis: x=0; f(0) corresponding y-value

Intersection with the x-axis: Zeros. f(x)=0; solve for x

d) Gaps and poles (vertical asymptotes) e.g. in the case of rational functions (quotient of 

two polynomials Z(x)/N(x)) gaps in the definition exist in the zeros of N(x).

Curve sketching gives information about the characteristics and the behaviour of 
the particular function, of a profit, revenue or cost function.

3.3. APPLICATIONS & EXERCISES –
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e) Asymptotical behaviour and asymptotes:

Asymptotical behaviour  (horizontal asymptotes):

Behaviour of the funcƟon if x → ∞ and if x → -∞ :

Does the funcƟon tend to ∞ , -∞ or to a constant value?

Vertical asymptotes:

If the gap in the definition x0 is a pole, then the straight line x=x0 is a vertical 

asymptote of the graph of f.

Slant asymptotes:

If a function approaches a straight line more and more with increasing x, then 

this line is called a slant asymptote. Rational functions can have asymptotes, if 

the degree of the numerator is maximum one higher than the degree of the 

denominator. Then the linear equation of the asymptote can be found through 

polynomial long division. The term in front of the remainder shows the linear 

equation of the asymptote.

3.3. APPLICATIONS & EXERCISES –
CURVE SKETCHING



89

Connection between Extrema and Derivative:

Observation: If the function shows a local maximum, the slope of the curve 
must be positive to the left and negative to the right of the maximum. I.e., the 
function values increase before the maximum and decrease afterwards.

Conclusion: At the maximum the slope (= value of the derivative) is exactly 
zero!

slope
positive slope

negative

slope= 0

Local maximum: There is an 
environment in which no 
point has a higher function 
value.

3.3. APPLICATIONS & EXERCISES –
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f) Slope and extrema: maxima, minima and saddlepoints

extrema
(horizontal tangent)

point saddle 
0)(

 0)(

  maximum local 
0)(

 0)(

  minimum local 
0)(

 0)(






















E

E

E
E

E

E
E

E

xf

xf

x
xf

xf

x
xf

xf

The second derivative shows a change in the slope.

Second derivative positive: slope increases => local minimum

Second derivative negative: slope decreases => local maximum

Second derivative is equal to zero: neither maximum nor minimum, but saddle 
point.

3.3. APPLICATIONS & EXERCISES –
CURVE SKETCHING
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Necessary and sufficient conditions for local extrema

Necessary condition for a local maximum or minimum: f’(x0) = 0

I.e., if there is a maximum or a minimum at x0, then f’(x0) = 0

Sufficient condition for a local maximum: f’(x0) = 0  and f’’(x0) < 0 

I.e., if f’(x0) = 0  and f’’(x) < 0 , there is a local maximum at x0

Sufficient condition for a local minimum: f’(x0) = 0  and f’’(x0) > 0 

I.e., if f’(x0) = 0  and f’’(x) > 0 , there is a local minimum at x0

3.3. APPLICATIONS & EXERCISES –
CURVE SKETCHING
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g) Curvature and inflection points

0)(

        0)(




xf

xf








0)(

 0)(

W

W

xf

xf

0)(

        0)(




xf

xf

At the inflection point a curvature to the right
changes to a curvature to the left

At the inflection point a curvature to the left
changes to a curvature to the right

Inflection Point

3.3. APPLICATIONS & EXERCISES –
CURVE SKETCHING
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4824)(

)4(12               4812)(

)6(4                244)(

4328)(

)6)(124()(

2

223

34

22










xxf

xxxxxf

xxxxxf

xxxf

xxxxf

                        f (x) 0

(x 2  4x 12)(x  6)2  0 x01 02  6     (boundary point)

x 2  4x 12                0

   x 2  4 x  22                 12  22

(x             2)2                8

 x             2                    8    x03 04 

1. Zeros:

Example: f(x) = (-x2 – 4x – 12)·(x – 6)2

Domain IR

No symmetry

X to +/- ∞, f(x) to -∞

3.3. APPLICATIONS & EXERCISES –
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Continuation of the Example: 

)ZEROS! (q.v.     (6,0) at MAX144(6)f)(xf

NEITHER 0(0)f)(xf

?  Min or Max

6x         0x

06)(x4x

0(x)f                             

13

11

131211

2









176f(4)

432f(0)

4x     0x    

04)12x(x

0(x)f                       

2221







3. Inflection points:

2. Extrema:

3.3. APPLICATIONS & EXERCISES –
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Continuation of the Example:

Nature of the change

l/r   (4,-176), at  WP      r/l  (0,-432), at  SP   

0(0)f

0(0)f

0(0)f

l/r048(4)f)(xf

r/l048(0)f)(xf

22

21
















3.3. APPLICATIONS & EXERCISES –
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f(x)

x

-2                                               4                   6

-256

SP
r/l

- 432

- 512

IP
l/r

Tangent at IP=> t1(x)=128x-688

P

MAX

Tangent at P(-2,-512) => t4(x)=128x-256
Continuation of the Example

4. Sketch:

3.3. APPLICATIONS & EXERCISES –
CURVE SKETCHING
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Continuation of the Example:

4. Sketch of the derivative

(x)f 

x-2                                               4                       6

3.3. APPLICATIONS & EXERCISES –
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Continuation of the Example

4. Sketch of the seconde derivative

(x)f 

x

-2                                              4                     6

3.3. APPLICATIONS & EXERCISES –
CURVE SKETCHING
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Continuation of the Example

5. Tangent at IP:

688128x(x)t

b  688

b4128176

bmxt(x)

128(4)f                           

1 







Slope at IP:

3.3. APPLICATIONS & EXERCISES –
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6. Parallel line to the inflection tangent:

256128xt(x)

b                  256

b2)(128512

bmxt(x)

128m

512)2,P(                         

2)f(                               

512)2,(P                          

2x                                            

42)(x4)(x:128)24x4x(

012824x4x

12824x4x

128(x)f

223

23

23






















Boundary point

Tangent at

3.3. APPLICATIONS & EXERCISES –
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4. Integral Calculus

102

  )()( )()( aFbFxFdxxf
b

a

b
a 

If f(x) is integrated, you obtain the primitive function F(x).

If F(x) is differentiated, you obtain f(x).

Integration is the reversal of differentiation.

2. Theorem of differential and integral calculus

If F(x) is the primitive function of f(x), then the definite integral is

Definition: the general form F(x)+ c (c = constant of integration) of a primitive function 
f(x) is called indefinite integral of f(x). You write:

cxFdxxf  )()( Without limits a, b

1. Theorem of differential and integral calculus

4.1. BASICS



103

ADVISE FOR INTEGRATING:

 If a function is continuous, it is also integrable.

 If a function is piecewise continuous, a primitive function can be determined for every 

continuous interval. The definite integrals are calculated one-by-one for the partial 

intervals and then added up to the complete integral.

About the calculation of area:

 During the calculation of area functions cannot be integrated beyond zeros. If there are 

zeros, it has to be integrated in sections. 

 In order to determine the whole area between the curve and the x-axis, it has to be 

integrated over the absolute value of the function in the negative sections. Then all 

values have to be added up.

4.1. BASICS
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1             
1

)(        

1

-nc
n

x
dxx

xxf

n

n

n












Power Function:

n
nn

x
n

x
n

n

x


















1
)1(

1

1)1(1

Testing by Differentiation: 

4.1. BASICS
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c
x

xdx

x
xdx

x
xdx

x
xdx

















2

3
2

1
2

2

2

2

2

2

Examples:

x
x

c
x
















0
2

2
2

122

Testing by differentiation: 

4.1. BASICS
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Exponential functions:

     0für     ))(ln(           

ln 
1

         
1

)(

0für     ln           

           f(x)

  ))ln( (                     )ln( f(x)

















xcx

cxdx
xx

xf

xcx

cedxee

cadxaaaa

xxx

xxx
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    )( )( ))()((

g(x)f(x)y

 



dxxgdxxfdxxgxf

Sum Rule:

Example:

cx
x

dxxdxxdxxx

xxy

 



cos
3

 sin)sin(

sin

3

22

2

Rule: A sum of functions can be integrated one by one!

4.2. RULES FOR INTEGRATION
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    )( )(   dxxfadxxfa

Factor Rule:

Example:

cxc
x

dxxdxx

xy





 3

3

22

2

3
3 3)3(

3

Rule: A constant factor can be moved in front of the integral during integration!

4.2. RULES FOR INTEGRATION
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  
2

222 )43(
a

dxxaxx

  
2

1

2122 )72249( dxxxaxx

Example 1:

Example 2:

 
2

1

)
2

1
63( dxe

x
x x

Example 3:

Partial integration and integration by substitution are not covered here.
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Mathematics REPETITORIUM 

Elementary Calculations 

a+(b-c) = a+b-c 

a-(b-c) = a-b+c 

a*(b+c)=ab + ac 

(b+c)/a = b/a + c/a 

a/(b+c) not equal to a/b + a/c !!! 

(a+b)(c-d) = ac-ad+bc-bd   =>   (a + b)
2
 = a

2
 + 2ab + b

2 

a
n
 * b

n
 = (a*b)

n

a
n
 / b

n
 = (a/b)

n
       ≠      (a+b)

2

Simplify as much as you can: 

1. 2 3 4 4 2 5(5b n x 3b x) 2b n x  2. m 3 m 3m 2 3m 13b (6b 4b 2b )      

3. n 3n 2 3m 1 2n 3(24b 30b 42b ) 6b     4. 2m 3 3m 2 m 4 m 13 1 3
(3 x 3x 1 x ) x

4 2 4

     

5. 
n 1 n 4n 3n

2n 2 4n

7a b 35a b

8c 24c


  6. 

2n a b 2a 2b

2b 4n b 2n

a b c b 3c

2c 3a c a


7.         1 11 2 1 2

2 22 3 2 3x y x y x y x y (x y) (x y)          

8. 

93

3 3 42 7 382

4 43 3 9

x x x x x

x x x

   
  9. 

31,5 0,75 0,5 0,25 2 3

0,75 0,25

a a a a a a

a a

    


10. 
5 3 7m ma b ab   11. 

n 3 4n

n n
5n 1

a a

b b




12. 
34 5 212 r s rs  13. 

2n 1 n

6 2
3n n

p p

q q

 



2 

14. 
3 4 3 33 4 2x x x x x    15. 

3 342 3 2 3x x x x x  
16. n n 3 n 1y y y   17. p 3 2p p 1z z z  

18. 
2 2 2

2 2

(a 2ab b ) a a

(a b)(a b)a b

      19. 
2

2

2

x x
(x 2x 1)

x 1

   
20. x 2y x 2y(5a 4b ) (5a 4b )   21. n n 2 2(2a 3b )

22. 
2 2

(x y)(x y)
(x y)

(x 2xy y )(x y)

      23. 2 2 5x 5y
x y

x y

  

24. 
7

5
25. 

a b

a b




26. 
2 2x y

x y


 27. 

3 5 5 3

5 3 3 5




28. 
5 2 90

2 ( 5 20)
35 2

     29. 
6 3 24

3( 2 18)
23 6

     

30. 
7 5 35

5 ( 7 125)
7 5 4

      

Linear Equations 

1. x=(500+0,8x)+100  ∶ ݔ ��݂ ݁����
2. 

௔+௕ଶ ∙ ݕ = � ∶  ����݁ ݂�� ܾ
3. 

ଵ௫ + ଵ௭ = ଵ௬   ∶ ݔ ��݂ ݁����
4. 

௔మ−௕మ௔−௕ = ݔ ∙ ܽ + ݔ ∙ ܾ    ∶ ܽ ��݂    ݔ ��݂ ݁���� ≠ ܾ
Quadratic Equations 

1. 29x 10 0  2. 216x 1 0 
3. 22x 3x 0  4. 21 1

x x 0
3 5

   

5. 2 9
x x 2 0

2
     6. 

2x 4 6 x 20 0   
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7. 2x 2 5 x 40 0    8. 24x 20x 25 0  
9. 23 x 2x 3 0    10. 2x 10x 29 0  
11. 23x 3 x 0   12. 2x 10x 20 0  

13. 
22x 11 x 11 0    14. 

2
2 1 a

x ax 0
2 16

    

15. 2 2x 3ax 2a 0   16. 2 1 1 1
x ax bx ab 0

2 2 4
     

Cubic Equations 

1. 3 21
x 2x 3x 0

3
    2. 3 2x x 4 0  

3. 3 21 1
x x 4x 4 0

2 2
     4. 3 2x 6x 12x 8 0   

5. 3 2x 6x x 6 0    6. 3 2x 5x 8x 4 0    
7. 3 2x x 4 0   8. 3 2x 8x 2x 5 0   
9. 3 24x 4x 11x 6 0    10. 3 2x 3x x 2 0   

11. 3 21
(x 2x 5x 6) 0

3
    12. 3 22x 2x 8x 8 0   

13. 3 23x 9x 27x 15 0    14. 3 21
x 2x 5x 2 0

2
     

15. 3 2 34 4
6x 6x x 0

3 3
     16. 3 2 2 2x bx a x a b 0   

Equations of 4
th

 and higher grades 

1. 4 3 2x 8x 16x 0   2. 4 2x 16x 48 0  
3. 4 2x 20x 64 0   4. 4 3 2x 8x 14x 8x 15 0    
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5. 4 3 2x 8x 18x 0   6. 4 3 21 5
x x 2x 6x 0

9 6
   

7. 4 24x 32x 192 0   8. 6 3x 9x 8 0  
9. 6 32x 8x 6 0   10. 4 22x 11x 6 0  
11. 4 2x 2 3 x 3 0    12. 4 2x x (b a) ab  

Fractional Equations 

1. 
2x 3 x 1 3x 5

3x 6 2x 4 4x 8

      2. 
x 5 3x 4 2x 11

6x 18 3x 9 9x 27

     

3. 
2

x 3 2x 1 x 2

x 1 x 1x 1

     4. 
2 2 2

1 2 1

x 3x x 9 x 3x
   

5. 
2 2

1 x 5
0

x x 6x 9 x 3x
      6. 

2 2 2

2x x 2 x 3

x 5x 6 x 3x x 2x

     

7. 
4x 13 5x 4 x 4

x 3 2x 2 x 1

      8. 
2

2

x 1 1 x
0

x x 2 x 2x

      

9. 
2

3 14 21
2

x 2 x 2 x 4
     10. 

2

2

x 3 x 7 x 3x 2

x 4 x 1 x 5x 4

       

11. 
2 2

2x x 3

(x 1)(x 2)x 1 x x 2
     12. 

2 2

2

x 2a x 2a 1 x a

a x xax x

      

Root Equations 

1. 4x 20 x 5 2x 9     2. 2x 9 x 7 3x 8    

3. 2x 5 13 2x 13x 10     4. 
2 2x b a x a b    
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5. 
5x 2

2 3x 3 3x 2
3x 3

     6. 
1 1

2x 2x 2
4 2x 2

   

Calculations with logarithm and exponents 

1. x9 27 1  2. 2x 1 x 2x 18 16 4   
3. 2x5 3x 1(4 ) 1   4. 

x11 121 11   

5. 
3x 42

64
16

  6. 
2x 4 xx 1 7 7 

7. 

x
4 2

7 7

     8. 
33x 1 x5 7 

9. x 3 2x 53 2 64 3    10. lg(x 4) lg(x 3) lg(3x 8) 1     
11. x x25 7 5 8 0    12. x 2 x 216 18 4 32 0      

13. x x5 .25 126 5 25     14. 3x 2 3x 290 3 9 729     

Linear systems of equations 

1. 
7x 3y 5

2x 3y 13

 
  2. 

9x 8y 25

6x 13y 20

 
  

3. 

x y z 6

x y z 0

x y z 4

  
  
  

 4. 

4x 3y 5z 7

5x 4y 3z 8

3x 2y 2z 6

  
    

  
 

5. 

5x 6y 3z 21

6x 4y 2z 26

3x 5y 4z 13

  
   

   
 6. 

3x 2y 4z 9

2x 3y z 6

4x y 3z 4

  
    

  
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Arithmetic and geometric sequences and series 

1. The sum of the first seven numbers of an arithmetic sequence is 42 and the sum of the first

and the fourth term is -12. Determine a1 and d.

2. In an arithmetic series the sum of the 7
th

 and 10
th

 element is 83. The sum of the first four

elements is 46. Determine a1 and d.

3. The sum of the first three elements of a geometric sequence of numbers is 112, the initial

term is 16. What is the value of the 12th term and what is the sum of the first 12 terms?

4. A geometric series is characterized by an initial element of 5 and the sum 
3

185
S

16
 . 

Determine q and the sum of the first 10 elements. 

5. The sum of an arithmetic series with five terms is zero. The fourth term has a value of -1.5.

What is the value of a1, d and the sum of first 10 terms?

6. From which element on are the elements of a sequence of numbers less than -500?

n

11 7 3 1
a 3 ; ; ; ; ;.............................

5 5 5 5
 

7. From which element on are the elements of a sequence of numbers higher than 5000?

n

2 4 8
a 1; ; ; 3 ;.............................

3 93


8. A manufacturer of home computers wants to increase his market share significantly with

support of a corresponding advertising campaign. He hopes to increase his market awareness

through a continuous daily increase of sales by 30 computers for the duration of the

advertising campaign. On the first day of the advertising campaign he sells 165 PCs. How

long would it take in days to reach a total sales volume of 9,000 computers per day, if his

advertising campaign is successful?

9. A company is drilling a well for the city of Hamburg. On the first day they reach a depth of

80 meters, on each subsequent day, they achieve 5% less than on the previous day. How deep

is the well after 10 days, after which time the well has a depth of 900 meters?

10. Currently there is a deep geological drilling in Germany. The drilling should reach a depth

of 14,000 m. The drilling company managed a depth of 115 meters on the first day, every

following day they manage on average 0.8% less than the previous day.

a) How many meters do they reach on the 9
th

 day (just on the 9
th

 day)?

b) How many meters do they reach on the 300
th

 day in total (S300)?

c) When the depth is expected to reach 14,000 meters?
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Curve Sketching 

Please sketch the graph of the following functions: 

1. ݂ሺݔሻ = ሺݔ + 1ሻଶ1 + ଶݔ
2. ݂ሺݔሻ = ଶݔ + Ͷݔଶ − 1
3. ݂ሺݔሻ = ଷݔ + ͸ݔଶ − 1ͷݔ
4. ݂ሺݔሻ = ଶݔ ∙ ݁−௫మ
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Solutions: 

Elementary Calculations 

1. 4 8 5 6 5 210b n x 6b n x 2. 2m 3 4m 5 4m 218b 12b 6b   
3. n 3 n 1 3m 2n 44b 5b 7b      4. m 2 2m 1 55x 4x 2x  

5. 
1 3n 2n 2

2n

3 a c

5 b

  
 6. 

a 2b

1

18 b c 
7.  2

32 x y  8. 3x

9. 3a 10. 
10

m
6

b

a

11. 
3 3n 5nn a b  12. 

1312

3 2

s

r

13. 1 n6 p  14. 3 x

15. 2x 16. n 3 1
y 1 y

y

     

17. p p

3

1
z z z

z

      18. 
2 2a 2ab b

a

 

19. 2x x 20. 2x 4y25a 16b
21. 2n n n 2 2n 44a 12a b 9b   22.  x y

23. 
 x y 5

5

 
24. 

35

5

25. 
a 2 ab b

a b

  
 26.    x y x y  

27. 4+(15)
1/2

28. 
7 8

10
3 3


29. 1 3 6  30. 
3

19 35
2

 
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Linear Equations 

1. x=(500+0,8x)+100  ∶ ݔ ��݂ ݁���� x=3.000 

2. 
௔+௕ଶ ∙ ݕ = � ∶  ����݁ ݂�� ܾ ܾ = � ∙ ଶ௬ − ܽ

3. 
ଵ௫ + ଵ௭ = ଵ௬   ∶ ݔ ��݂ ݁���� ݔ = ଵభ೤−భ೥

4. 
௔మ−௕మ௔−௕ = ݔ ∙ ܽ + ݔ ∙ ܾ    ∶ ܽ ��݂    ݔ ��݂ ݁���� ≠ ܾ x=1 

Quadratic Equations 

1. IL = +/-1,054 = ±√ଵ଴9 2. L  

3. 
3

L 0 ;
2

       4. 
3

L 0 ;
5

    

5. 
1

L 4 ;
2

      6.  L 2 6 2  

7.  L 2 5 ; 4 5   8. 
5

L
2

      

9. 
1

L 3 ; 3
3

     10. L  
11. 

1
L 0 ; 3

3

     12. L 5 5  

13. 
1

L 11 ; 11
2

     14. 
1

L a
4

      

15. L 2a; a  16. 
1 1

L a; b
2 2

    
Cubic Equations 

1. L 0; 3  2. L 2 
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Arithmetic and geometric sequences and series 

1. a1 = -18;  d = 8 2. a1 = 4; d = 5 

3. q =2; a12 = 32768 4. q =
3

4
;  S10 = 18,874 

5. d = -1,5; a1 = 3; S10 = -37,5 6. n = 630

7. n = 61 8. d = 30 ;  n = 20

9. S10 = 642,02 m ; n = 16, 16 Tage 10. a) a9 = 107,84 m. ;

b) S300 = 13.083,46 m.

c) n = 454 Tage

Curve Sketching 

Please sketch the graph of the following functions: 

1. ݂ሺݔሻ = ሺݔ + 1ሻଶ1 + ଶݔ
2. ݂ሺݔሻ = ଶݔ + Ͷݔଶ − 1
3. ݂ሺݔሻ = ଷݔ + ͸ݔଶ − 1ͷݔ
4. ݂ሺݔሻ = ଶݔ ∙ ݁−௫మ
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1.



15 

2.



16 

3.
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4.
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Mathematik 1 Potenzrechnung 

FORMELN 
a nam = a n+m a 0b 0 = ( a b)" (a"r =a

nm 

BEISPIELE MIT LÖSUNGEN 
2 3 27 = 2 10 x• y• = (xy). (i') 4 

=x12 

b•b s = b ' 3 7 51 = 15 7 (a s )' =a 45 

3x 5 6x 7 = 18x 12 2 6 4 6 = s• (a 2) 4x 
=a8x

a 4b 7a 11b 6 a 2 = a 17b 13 (3a)2 (4x) 2 = (12ax) 2 (a 2 n) 3 m =a6mn 

an a Sn = a•• (abc)5(3abc)5 = (3a 2b 2c 2)5 (x2y4z)s =x1oy2ozs 

X la X 7a = X•• 3(ab)24(xy)2 = 12(abxy)2 (a4b5c6)° = a 4" b 5"c6n 

X2 XSa = x2 +5a 3m 4wr" = (12xr (43) n-1 =4 3n-3 

6 x 7 5x3+2 • = 30 X IO+la a' 9b' 4c' = 36(abc)' (x n) m :::=x_nm 

7 X 4 +2 n3X 11+9"= 21X1S+lln 2a" 7b" = 14(ab) • (x")3n-l =x 3an-a 

4a 3 5b 2 6c4 = 120a3b2c 4 a n+xbn+x = (ab)•+• (3ac 2) w =3waw c2w 

AUFGABEN 
6 4 . 6 s = 34 64 = (53)4 = 
6.6 8 = a 5b5c5 = (62)' = 
a 4b 7a3b6a11b 5 

= (4ab)'(4ab)' = (5ab')3 = 
xydy2-cx7 = (5x7y3)(5ry") = (2a 4b6c 7)2 = 
4a 6b35ab7b4 

= 3a '"4b'"Sc m 
= (2a"b2c4)x = 

6a•bm3a s"b 2m = 4(xy)°3(xy)° = (42)2n+2 = 
x2•x3"x'• = 4a"Sb"6c" = ( 4abc 3)2n+, = 
ri'•z 7m 

= 3a 0
•
14b n+1Sc0+1 = (xyz)'(xy•)2 = 

FORMELN 
a

» :a m = an-m a": b" = (a:b) • a -• =l: (a") 

BEISPIELE MIT LÖSUNGEN
2 11 : 24 = 2' 12 3 : 6' = (12: 6) 3=23 3-t =1:3 
2 19 :218 = 2 24 5 : 9 s = (24:8)5 =35 4-S =l: 45 

a 7 
: a � = a• (abc)' :(xy)7 = (abc:xy)7 (x+y)-1 =1: (X+ y) 

y 4 ; y 6 = y-2 (abc)7 :(ab)7 = c7 3 (x+yf =3: (x+y)7 

a •b": a 3 b 2 = a b 9 2(xy)° :S (xyz)"= 2 :( Sz") 3a +y-7 =3a+ l:y7 

a 0: a 7 =an�7 (16ab )':( 4ab )3= 43 (3ab+4x)"6 =1 : (3ab+4x)6 

a11x:a3x = a 8x 
1ou 

:a
u = (10:a)11 3abc4 =3ab:c4 

a s : a -• = a• 7a 11 :(3a)11 = 7:3 11 3(abc)4 =3 :(abc)4

ax: a3x-4 = a �2:x:+4 (12ab)0:(4a)0 = (3b)" xy>-• =x: y"·l 
a: a n-1 = a 2-n (a 7b3

)4 :(a 4b)4 = (a 3b 2)" 3ab(x+y2)"11 =3ab:(x+y2)11 

AUFGABEN 
s• :s

• = 48 4 :164 = 4-J = 
s• :5' = 213 :7' = y·• = 
a3b 2 :ab2 = 4(xy)' :3(xy)' = 4a-' = 
30x4y7 :Sry5 = 49(ab)11:7(xy)"= 3ax-• = 
as 

:a
-6 = (abc)7 :(xyz)7 = (xy)-3 = 

a-J a-1 = a•+q :b"+q = (3a 4 +b 8)-J = 
a'• 

:a
n = 7x(yz)' :Sxy3 = (

x+
y+zf1 = 

xyz• :x2y4z 3 = abc" :(abc)"= x+(xyfl = 





Mathematik 3 Faktoiisieren 

FORMELN 

ab+ac =

BEISPIELE 

24x3y7z10 + 72x"y5z3 =

BJNOME 

a 2 +2a b+ b2 

a2 -2ab+b 2 

BEISPIELE 

x 2 + l0x+ 25
x 2 -2x+1
k 4 +6k 2 +9

AUFGABEN 

X 
2 + 22x+ 121 

X 2 + 8 x+ 16 
a2-l2a+36 
4p 2+24p+36 

= 

= 

= 

= 

= 

= 

= 

= 

= 
= 

= 

9 p 2 + 24 p q + 16 q 2 = 
16 X2 + 8 X+ 1 = 

SONST 

x 2 + 19x+ 48 = 

BEISPIELE 

X 2
- X· 20 = 

x 2 -7x+12 = 
X2 + 21 X-100 = 

AUFGABEN 

x 2 -9x-36 = 
x 2 +13x-48 = 
x 2-15x+50 = 
x 2 +Sx-33 = 
X 

2 -10 X+ 24 = 

a(b+c) 

24i'y5z3 ( y2z7 + 3 i' ) 
12i'y2z2 ( 2xy5z8 + 6ry3z ) 
6'!fy7'Z!' ( 4x-2z10 -n + 12x"y-2z3-•)

(a+b) 2 

(a-b) 2 

(x+5) 2 

(x-1) 2 

(k 2 +3) 2 

( )( 
(x+ )(x+ 
(x+ 16 )(x+ 

) 

3) 

(x-5)(x+4) 
(x-3 )(x-4) 
( x+ 25 )( x- 4 ) 

= 

X 2
• 100 = 

x•y2- 25 a4b10 =
1 -12lp8 

=

X 2 -16 = 

a2-16k 8 = 

(xy)' -1 = 

100a4b8 - 49 = 

(pq)10 
- 25 = 

a2b4c6 - k"I" = 

ac+ad+bc+bd 

6ac+12ad+2bc+4bd 
6ap-12aq-3pb+6bq 
4a2x+ 20a2b-3ax-15ab 

(a+b)( a-b) 

(X+ 10 )(X• 10) 
( x2y+5a2b5)(x'y-5a2b5

) 

(l+llp4)(1-llp4

) 

=(a+b)(c+d) 

=(3a+b )(2c+4d) 
=(2a-b )(3p-6q)
=(4a-3)(ax+5ab) 



Mathematik 4 Algebraische Division 

EINFÜHRUNGSBEISPIEL 

(x+9)(x-3) =

BEISPIEL MIT REST 
(x2 +6x+lOO): 

-{x2 +9x) 
-3x

-(- 3 X - 27)
127 

BEISPIELE 

x2 +6 x-27
(x2 +6x-27):(x+9)= x-3 
-(x2 +9x) 

-3x
- ( -3 x-27)

(x+9) 

0 

= x- 3 + 127
x+9 

(x 5 -x 4 -16x+l6):(x2 +x-2)= x'-2x2 +4x-8
-(x 5 +x 4 -2x3

) 

-2 X 4 + 2 X 3 

-(-2 X 4 -.2 i' + 4 X 2) 
4x 3 -4x2 

-(4x 3 +4x 2 -8x) 
-Sx 2 -8x

-( -8 r - 8 X + 16 ) 

( X 4 

-{x 4 +x 3
) 

-x•

-(-x 3 -x 2
) 

+x'
-( x2 +x)

- X

0 

-1) : ( x+l)

-(-x -1)
0 

=x3-x 2 +x-1 

·(-2x 4 +ax3 +
-(-2x 4 -2ax3 

3ax 3 

3a2 x2 +4x 2 -ax 
+2x 2)

-2): (x 2 +ax-l) =-2x2 +3ax+2

2x2

-(3ax 3 +3a 2x2 -3ax)
2ax

- (2x 2 + 2ax - 2 )
0 

(x n+> +x n+2 -'.?xn+1 -2x •+x• -2x) (x2-2} = 
-!:!"+• -2x"+1l

-u•+2 -2x")
-( x 3 -2x) 

0 

X n+l +X n + X 



Mathematik 5 

FORMEL

BEISPIELE 
l+E:=3+a
4 4 4 

_4_ + _7_ := ..1.!...
3ax2 3ax2 3ax2 

FORMEL

BEISPIELE 

! + 'J... = 4.5+7.3 41
3 5 3.5 15

4a+b + §_ = (4a+b)x+6.2
2 X 2x

Bruchrechnung 

l + ± + 2_ + ! + 4a = 12+z+4a
X X X X X X 

-.L.+L+-3-= x+y+3
a+b a+b a+b a+b 

_L + _L = 3(a+b)+4(a-b) = 7a-b 
a-b a+b (a+b)(a---b) a2-b2

_1_+_2_+ 3 +-4-=_!_+ 2 + 3 + 4
xZ+x x2-l x2+2x+l x3-x2 x(x+l) (x+l)(x-1) (x+l)(x+l) x2(x-l)

HN: 

HN = 

X (x+l) 
(x+l) (x-1) 
(x+l)(x+l) 

(x-1) 
(x+l)(x+l) (x-1) 

= 

lx(x+ 1 )(x-1 )+ 2x2(x+ 1 )+3x2(x-l )+4(x+l )(x+ 1)

x2(x+l)(x+l)(x-1)
x3-x+2x3+2x2+3x3-3x2+4x2-H!x+4 _ 6x3+3x2+7x+4

x2(x+l)(x+l)(x-I) - x2(x+l)(x+l)(x-l)

1 + 2- + J_ + l + 2- + � + 2.. + .!!. _ ..!... = 4.48+5.36+1.12+1.18+5.24+2.16+5.8+11.6-1.12 = 53 4 12 8 6 9 18 24 12 144 

oder
- ax»-'+bx»-1+c+d,;-»-1;-exrn4+fr~

x" 



Mathematik 6 

DEFINITION: 

bn 
= a<;:::> n Ja = b

x2 =9 ➔ x=3 ⇒
2 ../9 =+3 

x5 =32 ➔ x=2 ⇒
5 ./32 =+2 

x3 = -125 ➔3 J-125 == -5 
x4 = 256 ➔4 J256 = ±4 

2J-100 �R

Jx :==2 ,fi

FORMEL: 

.ITT;!SPIELE: 

{-:; 1 r:i" 4 r---i, 11 3-,Ja' =a,;5-,1a4 =as; a -11xll =a" 

FORMEL: 

n Ja : n Jb =n jf 

nJmra =nm /ä 

n Jä :m .[ä =nm Jam-n

BEISPIELE: 

Wurzelrechnung 

Jl44: Jf6 = JW = ../9 =±3

3 ✓7 .jä =21 .fä 

3 r-::; r::; 4 f""T g � 24 r-f9 l l l i i lt 7.8+1.12+24+3.6'5.3H9.l 6 ✓a· .,1a.a, ✓a- . ..ia-. ,..ta" =a,a2a a•a•a24 =a 24 =a 

(Ja +Jb)(Ja-fb) =a-,b

( Jä + fb) 
2 

= a+2/äii +b



Mathematik 7 Gleichungen 1. Grades 

Allgemeine Form: xa+b=0mita,b E Runda:;t:0 

BEISPIELE 

11(4x+3)+9 
44x+33+9 
44 x+ 42 
62x 

X 

( 8x-3 ) 2 

64x 2 -48x+9 
-48x+ 9
-28 X

X 

KONSTANTE 

-3x+6a
2x

= 
= 
= 
= 
= 

= 
= 

= 
= 
= 

a 

= 
= 

3 ( 1- 6 X)+ 70 
3- lSx+ 70
-18 x+ 73
31
0,5

( 16 x-5) 4x+ 37 
64x 2 -20x+37 

-1

-20x+37
28

JN DER AUFGABE 

-5x-.12a+4
-18 a+ 4

X = -9a+2

Die Konstante a ist im Zähler: a E R 

3x(a+4)-5 
3 a x+ 12x-5 
3 ax-6x 
3x(a-2) 

x(a-2) 

X 

= 
= 
= 
= 
= 

= 

6(1+3x)+7 
6+ 18x+ 7 
18 
18 

a-2 

Die Konstante ist in der Lösung im Nenner: 

Sonderfälle: 

x+3 
0 

= 
= 

x+lO 
7 

a :;t: 2

d.h. es ist ein Widerspruch und es ex. keine Lösung

12x+6 
12x+6 

0 

= 

= 

4(3x+l,5) 
12x+6 
0 

d.h. diese Gleichung ist f"ür jedes x E R richtig

3x 
0 

X 

= 

= 

= 

7x 
4x 
0 

PROPORTIONEN: 

x:a = 

XC = 

X= !!E.
C 

b:c 
ab das Produkt der Außenglieder ist gleich dem Produkt der Innenglieder 



Mathematik 8 Gleichungen 2. Grades 

Allgemeine Form : 
Normalform: 

a x 2 + b x + c = 0 mit a,b,c E Rund a :;tc0 
x2 + p x + q = O mit p,q ER 

p-q-Formel: X1,2 =-�+J(�) 
2 

q

LÖSUNGSMÖGLICHKEITEN: 

Quadratische Ergänzung 

X2 - X-12
x 2 -x
X 

2
-X +0,5 2 

(x-0,5) 2

x- 0,5
X
x, = 

x, = 

= 

= 

= 

= 

= 

= 

4 
-3

0 
12 
12+0,5 2
12,25 
+3,5
+3,5 + 0,5

2. p-g -Formel

X 2 
- X-12 = 0 

x 2 +ll x+24 = 0 

3. Faktorisieren

X 
2 -x-12 = 0 

(x-4)(x+3) = 0 
x, = 4 
X

2 
= -3

x 2 +1lx+24
x2 +1lx
x2 +1lx+5,5 2 

(x+5,5) 2 

x+5,5 
X 

= -3
= -8

x 2 +llx+24
(x+3)(x+8) 
x, = -3
X

2 
= -8

= 0 
= -24
= -24 + 5,52 

= 6,25 

=+2,s 

=- 5,5+2,5 

= 0 
= 0 



Mathematik 9 Gleichungen 3. Grades 

ALLGEMEINE FORM: x 3 +bx2 +cx+d mita,b,c,d ER und a;t; 0 

FALLl: c, d=0 

6x3 +12x2 
= 0 

6x 2 (x+2) = 0 
X 1 ,2 =O 'X 3 = -2

Hinweis: Jedes ausgeklammerte x hat die Lösung Null. 
Zu dem Liuearfaktor ( x - a ) gehört die Lösung x = a. 

FALL2: d 

X 3 - 2 X 2 - 15 X = 

X ( X 2 -2 X- 15) = 

x(x-5)(x+3) = 

x 1
= 0, x

2
= +5,

=O 

0 
0 
0 
x

3
= -3

Hinweis: Die nach dem Faktorisieren mit x verbleibende quadratische Gleichnung löst man 
erneut durch Faktorisieren, durch die p-q- Formel oder mit Hilfe der quadratischen 
Ergänzung. 

FALL3: b,c =O 

x3 -8 = 0 
x, =2 
( x3 -8): (x-2)=x 2 +2x+4 
x 2 +2x+4 = 0
X2,3 = -1 + H � R

Hinweis: Eine Gleicbnung 3. Grades die nur das kubische und das absolute Glied enthält, hat 
immer eine reelle und zwei komplexe Lösungen, wie man mit algebraischer Division 
durch den Linearfaktor der ersten Lösung feststellen kann. 

FALL4: 

= X 
3 

• 12 X 
2 + 48 X • 64 = 0 

Hinweis: Bei drei gleichen Linarfaktoren gibt es entsprechend drei gleiche Lösungen. 

FALL5: 

x3 -2x2 -5x+6 = 0 
Lösung durch Probieren:
(x 3 -2x 2 -5x+6):(x-1)
x

2
-x-6 = 0 

( X - 3 )(x + 2 ) = 0 
X2 

=3 X3
=-2 

= 

= 1 mit anschließender algebrischer Division 
x2 -x-6

Lösung der quadratischen Gleichung 

llinweis:Eine Lösung suchen und algebraische Division mit dem Liuearfaktor der ersten Lösung. 



Mathematik 10 Gleichungen 4. Grades 

ALLGEMEINE FORM: a x 4 + b x 3 + c x 2 + d x + e =0 mit a,b,c,d,e ER und a ;/:. 0 

FALL 1: c,d,e =0 

5 X 
4 + 15 X 3 = 0 

5x 3 (x+5) = 0 
X1,2,3, =O x

4
= -5

FALL2: b,d,e =0 

3x4 -12x2 = 0 
3 X 2 (x 2 - 4) = 0 

X 1 ,2 =O x, . =+ 2 

FALL3: d, e=0 

x 4 -l3x3 -48x2 = 0 
x 2 (x2 -13x-48) = 0 
X 2 ( X• 16 )( X +3) = 0 
X 1,2 =0 X =16 3 X 4 =-3 

FALL4: e =0 

x4-4x 3 -44x 2 +96x = 0 
x(x 3 -4x 2 -44x+96) = 0 
X1 =0 
Algebraische Division: 
(x3 -4x2 -44x+96):(x-2) =

Lösung der quadratischen Gleichung: 
x

2
-2x-48 = O 

(x-8)(x+6) = 0 
x, =8 x. =-6 

FALLS: 

(x-7) 4 = 0 
X 1,2,3,4 

= 7 

FALL6: 

(x-1 ) 2 (x-9) 2 = 0 

X 1 ,2 =1 X 3,4 =9 

Lösung durch Probieren: x 2 

x2 -2x-48 

FALL 7: b,d=0 (Biquadratische Gleichungen) 

=2 

x 4 -5x 2 +4 = 0 Setze x 2 = z und löse die quadratische Gleichung nach z auf.
z 2 -5z+ 4 = 0 
(z-4)(z-1) ' = 0 
z l =4 z, "' 1 

X 1,1 
=+2 x.3,4 

=+1 



Mathematik 11 

Die Gleichung x2 +1=0 

Komplexe Zahlen 

x2 = -1 hat die nicht reelle Lösung X1 2 = + A. 
, 

Definition: i = +H 

Folgerung: i = A = i 5 = i' usw. 
i' = -1 = • 6 = i 10 usw. 

= -i = • 7 = i 11 usw. 
i' == +1 = i" = i 12 usw. 

Gerade (ungerade) Exponenten von i sind reelle (nicht reelle) Lösungen. 

Definition: Jede Zahl z = a + b i mit a , b aus den reellen Zahlen heißt KOMPLEXE ZAHL 
a heißt Realteil und b i heißt Imaginärteil der komplexen Zahl. 

Definition: Die Menge aller komplexen Zahlen heißt C. 

Folgerung: Für b = 0 ist jede komplexe Zahl eine reelle Zahl. 

Folgerung: Die reellen Zahlen sind in den komplexen Zahlen enthalten. 

Defmition: Es sei z = a + b i. Dann heißt die zu z konjugiert komplexe Zahl z * = a - b i. 

Folgerung: Konjugiert komplexe Zahlen unterscheiden sich im Vorzeichen des Imaginärteiles. 

Satz: Summe und Produkt konjugiert komplexer Zahlen sind reelle Zahlen. 

Beweis: ( a + b i ) + ( a - b i ) = 2a aus der Menge der reellen Zahlen . 
( a + b i ) ( a - b i ) = a 2 

- b 2 i 2 mit i 2 
= -1 folgt a 2 + b 2 aus der Menge der reellen 

Zahlen. 

.Beispiel: 

HINWEIS: 

x 2 -6x+l3 = 0 
x 2 -6x+3 2 

= -13+3 2 

(x-3) 2 = -4
X12 =+3 + R =+3 +2i 

, 
mit ( 3 + 2 i) + ( 3 - 2 i) = 6 

Da bei der Lösung von Gleichungen komplexe Lösungen nur in der Form konjugiert komplexer 
Lösungen auftreten können, kann es immer nur eine gerade Anzahl von komplexen Lösungen geben. 

Bei Gleichungen 2 Grades gibt es also entweder nur 2 reelle oder 2 komplexe Lösungen. 
Bei Gleichungen 3. Grades gibt es also entweder 3 reelle oder eine reelle und zwei komplexe 
Lösungen. 
Bei Gleichungen 4 Grades können 4 reelle, 4 komplexe oder 2 reelle und 2 komplexe Lösungen 
auftreten. 
Für Gleichungen höheren Grades gilt alles analog. 
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Ableitungsregeln 

Bilden Sie die erste Ableitung und fassen Sie - soweit wie möglich- zusammen: 
3 

1)/(x) = (6x 4 + 3x 2 + px 2 + 1) 2"-1 2)/ (x) = -
7
--

b
--

(
-

)
-" 

ax+ y- ;g, 

3)/(x)  = ( 2x + 1 ) n+l 

bx 2 + ex 
4)/(x) = ax• + b

x' 

5)/ (x)  = (x - a )'
x' 

6)/(x)  = x 3 - (bx 3 +ex+ d) 3
"

3x 
7)f(x)=2✓x-x 8)/(x) = ✓ 225- X 

Lösungen:

1) f'x) =(2n-1)(6x4 +3x2 +px 2 +1) 2"-2 -(24x3 +6x+2px)

2) f'(x) = ü-[7ax+by-(xy)" ]-3[7a-n(;g,)"-1 -y] -21a+3ny(xy)"-'
[7ax+by-(xy)" J [7ax+by-(.;1J,,)" ]' 

3)/'(x) = (n+l)( 2:+1 
)" _ 2(bx2 +ex)-(2x+!)( 2bx+e) =

bx + ex (bx2 + ex) 

(n+l)( 
2x+l 

)
" _ -2bx2 -2bx-e (n+1)(2x+l)"(-2bx2 -2bx-e)

bx 2 +ex (bx2 +ex)2 

, 4ax3 -x3 -(ax4 +b)-3x2 4ax4 -3ax4 -3b ax4 -3b 
4) f (x) = 6 = • = --.-x X X 

3(x-a)2 -1-x3 -(x-a)3 -3x2 3(x-a)2 -x-(x-a) 3 -3 5)f'(x) = 
x' 

= 
x• 

= 

3(x-a)2 (x-(x-a)) 3a(x-a)2 

= 

6) f'(x) = 3x2 
• (bx3 +ex+ d) 3" + x3 • 3n(bx 3 +ex+ d) 3"-1 (3bx2 + e)

_l 1 1-x1 1--.Jx 7) f'(x)=½-2-x '-1=-, -l=--,-=--
x2 xl ,J; 

l 1 

' 3(25-x2)2 -3x-½(25-x2r2 (-2x) 
8)/ (x) = 2 25-x 

3(25 -x2) + 3x2 

(25-x2 )' 

75 

1 3x2 
3(25-x2)2 + 1 

(25-x2)2 

25-x'
75 
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Logarithmusfunktionen und Exponentialfunktionen 

1. Die Logarithmusfunktion

1.1 Logarithrnengesetze 

(1) log ab= log a + log b
(2) log ab- 1 = log a - log b
(3) log a' = r. log a

1.2 Die allgemeine und natürliche Logarithmusfunktion 
f(x) = logz(x) g(x) = log3(x) h(x) = lg (x) i(x) = 1n X

1.3 Die Funktion F(x) = In x als Integral der Funktion f(x) = x·1.

XIF(x) = j-dt = In x für OLx 
1 t 

F(x) = J-1 --dx = Inlxl + C für x E 91 mit x * 0 
X 

1.4. Kurvendiskussion zu den Logarithrnusfunktionen 
f(x)= ln(x2 +4) g(x) = In (x + 4) h(x) = In (x2 -3x) i(x) = x(lnxr1

2. Die Exponentialfunktion

2.1 Die allgemeine Exponentialfunktion mit f(x) = ax lna 

2.2 Die natürliche Exponentialfunktion f(x) = ex mit f(x) = ex

HINWEIS: Nur die Ableitung der natürlichen Exponentialfunktion ex stimmt mit 
der Funktion ex überein. In allen anderen Fällen muss die Kettenregel 
zur Ableitung verwendet werden. 
Es gilt: e 1n a = a und In e• = a 

2.3 Die Graphen der Funktionen 
f(x) = ex g(x) = 2ex h(x) = e2x ·c ) x+21 X = e 

2.4 Die erste und zweite Ableitung der Funktionen 

j(x) = ex 

f(x) = ex' g(x) = xex h(x) = (x-1) e·x

2.5. Der Zusannnenhang der Graphen der Funktionen 
f(x) = x -l g(x) = In x und h(x) = ex

' 
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Kurvendiskussionen von Exponentialfunktionen 

Aufgabe 1 
Gegeben ist die Exponentialfunktion f(x)=(2x-l)ex 

a) Diskutieren Sie die Funktion und protokollieren Sie dabei detailliert die Arbeitsschritte.
b) Bestimmen Sie die Wendetangente und ihren Schnittpunkt mit der x-Achse.
c) Die Wendetangente, der Graph der Funktion und die x-Achse schließen eine Fläche ein. Wie

groß ist diese Fläche?
d} Ist die Fläche, die von der negativen x-Achse und dem Graphen der Funktion eingeschlossen

wird, endlich?

Aufgabe 2 
Von einer Bakterienkultur sind zum Beginn des Aufgusses um 8.00 Uhr: 2200 Bakterien vorhanden. 
Stündlich wird darauffolgend viermal der Bakterienbestand kontrolliert; nachfolgend das 
Messprotokoll: 

Zeit 8:00 Uhr 9:00 Uhr 10:00 Uhr 11 :00 Uhr 12:00 Uhr 
Anzahl 2200 3970 7160 12920 23310 

a) Begründen Sie mit Hilfe der Wertetabelle, dass sich der Vorgang im mathematischen Modell
näherungsweise durch eine exponentielle Wachstumsfunktion beschreiben lässt, und stellen
Sie eine den Vorgang beschreibende Funktionsgleichung auf unter Verwendung der
Eulerschen Zahl e.

b) Stellen Sie den Zusammenhang grafisch dar.
c) Berechnen Sie die Verdoppelungszeit der Bakterienanzahl.
d} Nach welcher Zeit erwarten Sie, dass der Bakterienbestand auf das 16-fache gewachsen ist,

um welche Uhrzeit wird erwartungsgemäß die „Marke" von 100.000 Bakterien erreicht?
e) Erläutern Sie, dass der Begriff: ,,Wachstumsrate" mathematisch durch die 1.Ableitung

beschrieben wird. Bilden Sie die 1.Ableitung und berechnen Sie die Wachstumsrate zum
Zeitpunkt 10:00 Uhr.

Aufgabe 3 
Betrachtet wird die Funktion f mit: 

f(x) = (ex -1)2 

f) Untersuchen Sie die Funktion f auf relative Extrempunkte und Wendepunkte.

g) Untersuchen Sie das Verhalten von f für x ➔ -oo und x ➔ oo .

h) Skizzieren Sie den Graphen von f.

i) Die Gerade g mit g(x) = 1 und der Graph von f umschließen im 1. Quadranten eine
Fläche. Ermitteln Sie die Maßzahl des Flächeninhaltes.

j) Die Maßzahl des Flächeninhaltes über dem Intervall [a; 0] zwischen der Geraden g mit
g(x) = 1 und dem Graphen von f beträgt½. Ermitteln Sie die Stelle a.
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Formeln zur Differentiation und zur Integration von ganzen und gebrochenen 
rationalen Funktionen: 

1. Differentiation
von ganzen rationalen Funktionen

1.1. Summenformel f(x) = x" f'(x) = n-1 nx 

1.2. Produktregel 

1.3. Kettenregel 

f(x) = u(x)v(x) 
' 

f'(x) = [u(x)v(x)] = u' (x)v(x) + v'(x)u(x) 

f(x) = f(g(x)) 

f'(x) 
= 1/(g(x))} = 

f' ( u) g' (x) 

von gebrochenen rationalen Funktionen 

1.4. Quotientenregel 

1.5. Logarithmusfunktion 

f(x) 
= 

u(x)
v(x) 

f'(x) = [
u(x)

J = u'(x)v(x)-
�

'(x)u(x) 
v(x) v(x) 

Natürliche Logarithmusfunktion: f(x)=lnx f'(x) = _1_ 

Allgemeine Logarithmusfunktion: f(x) = log
a 

X f'(x)=-1� 
xln a 

1.6. Exponentialfunktion 
Natürliche Exponentialfunktion: 
Allgemeine Exponentialfunktion: 

2. Integration von
ganzen rationalen Funktionen

f(x) =e x f'(x) =e x 

f(x) = ax f'(x) = ax In a 

2.1. unbestimmtes Integral F(x) = fx"dx = -1- x •+

1+ C mit CER 
n+ l 

2.2. bestirmnteslntegral F(x)= Jx"dx=[n
�

lxn+1 I =F(b)-F(a) 

gebrochenen rationalen Funktionen 

2.3. f l 
-1F(x)= -dx= 

1 
+C mit

x" (n -l)x"-
2.4. Exponentialfunktion F(x) = f e xdx F(x) = e x + C

2.5. Ableitung der trigonometrischen Funktionen: 
f(x) = sin x f'(x) = cos x f"(x) = -sin x f "'(x) = -COS X

Vorkurs�Mathematik 




